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Abstract: Multi-phase electric motors and in particular nine-phase permanent magnet synchronous motors (9-phase PMSMs) find use in electric
actuation, traction and propulsion systems. They exhibit advantages comparing to three-phase motors because of achieving high power
and torque rates under moderate variations of voltage and currents in their phases, while also exhibiting fault tolerance. In this article a
novel nonlinear optimal control method is developed for the dynamic model of nine-phase PMSMs. First it is proven that the dynamic
model of these motors is differentially flat. Next, to apply the proposed nonlinear optimal control, the state-space model of the nine-
phase PMSM undergoes an approximate linearization process at each sampling instance. The linearisation procedure is based on
first-order Taylor-series expansion and on the computation of the system’s Jacobian matrices. It takes place at each sampling interval
around a temporary operating point which is defined by the present value of the system’s state vector and by the last sampled value of
the control inputs vector. For the linearized model of the system an H-infinity feedback controller is designed. To compute the feedback
gains of this controller an algebraic Riccati equation is repetitively solved at each time-step of the control algorithm. The global stability
properties of the control scheme are proven through Lyapunov analysis. First it is demonstrated that the H-infinity tracking performance
criterion is satisfied, which signifies robustness of the control scheme against model uncertainty and perturbations. Moreover, under
mild assumptions it is also proven that the control loop is globally asymptotically stable. Additionally it is experimentally confirmed
through simulation tests, that the nonlinear optimal control method achieves fast and accurate tracking of reference setpoints under
moderate variations of the control inputs. Finally, to apply state estimation-based control without the need to measure the entire state
vector of the nine-phase PMSM, the H-infinity Kalman Filter is used as a robust state estimator.

Keywords: nine-phase PMSM < differential flatness-properties * nonlinear optimal control  H-infinity control * approximate linearization,
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1. Introduction

Multi-phase electric motors and particularly nine-phase permanent magnet synchronous motors exhibit several
advantages in applications of electric traction and propulsion when compared to three-phase synchronous or
asynchronous motors (Wang, Wu et al., 2023), (Wang, Wu et al., 2023). This is because they achieve improved power
and torque rates while also keeping moderate values for the currents and voltages of their multiple phases (Wang,
Zheng et al., 2022), (Prieto-Araujo et al., 2015). By exhibiting redundancy in phases such motors are less prone to
a total failure and remain functional under harsh operating conditions (Slunjski et al., 2021), (Rubins et al., 2020).
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Considering the high power and torque that nine-phase PMSMs can generate, the suitability of such motors for
the traction of heavy duty electric vehicles can be also concluded (Wang, Xu et al., 2023), (Liu et al., 2020). At
the same time these motors have a nonlinear and multivariable dynamic model which requires the application of
elaborated nonlinear control methods (Wang, Zhu et al., 2023), (Tong et al., 2023). So far several nonlinear control
schemes have been proposed for nine-phase PMSMs (Zhao et al., 2020), (Jung et al., 2012). One can distinguish
several model predictive control approaches for these motors (Garcia-Entrambosaguas, 2019), (Cheng, Yu et al.,
2016). Stability and robustness issues in these control techniques remain often a research challenge (Wang et al.,
2023), (Slunjski et al., 2019). Fault tolerance is a primary objective in the control loop design for nine-phase motors
(Mohamadian and Cecati, 2021), (Mohamadian et al., 2023). Furthermore, implementation of sensorless control
with the use of state observers or filters is also among the aims of controller design for nine-phase PMSMs (Stiscia
et al., 2019), (Wang, Wu and Wang, 2022).

In this article a novel nonlinear optimal control method is proposed for nine-phase PMSMs. First, the dynamic
model of these motors is given in state-space form. With the use Clarke’s and Park’s generalized transformations
one moves from the initial description of the motor in three abc three-phase reference frames into an equivalent
description in three dq two-phase frames (Kozovsky, Blaha and Vaclavek, 2016), (Kozovsky and Blaha, 2017). The
state vector of the motor has eight state variables out of which the first two are the turn angle and speed of the motor
while the rest six are current variables of the dq frames of the stator. The motor has a control inputs vector with
six variables which are the windings’ input voltages expressed in the dq frames of the stator (Kozovsky, Blaha and
Vaclavek, 2016), (Kozovsky and Blaha, 2017). The model is written in the nonlinear affine-in-the-input state-space
form and is proven to be differentially flat (Rigatos, 2015). The differential flatness properties are also an implicit
proof of the system’s controllability and allow for defining feasible setpoints for all state variables of the motor. To
implement the proposed nonlinear optimal control scheme, the dynamic model of the nine-phase PMSM undergoes
approximate linearization with the use of first-order Taylor series expansion and through the computation of the
associated Jacobian matrices (Rigatos, 2016), (Rigatos, Abbaszadeh and Hamida, 2023), (Rigatos and Karapanou,
2020). The linearization takes place at each sampling instant around a time-varying operating point which is defined
by the present value of the system’s state vector and the last sampled value of the control inputs vector (Rigatos
and Tzafestas, 2007), (Rigatos and Nikiforov, 1993), (Rigatos and Zhang, 2009). For the approximately linearized
model of the system a stabilizing H-infinity feedback controller is designed.

The proposed H-infinity controller achieves a solution for the optimal control problem of the 9-phase PMSM
under model uncertainty and exogenous perturbations. Actually, it represents a min-max differential game taking
place between (i) the control inputs of the system which try to minimize a cost function that contains a quadratic
term of the state vector’s tracking error, (ii) model uncertainty and exogenous perturbations which try to maximize
this cost function. To select the feedback gains of this controller an algebraic Riccati equation is repetitively solved
at each time-step of the control algorithm (Rigatos, 2016), (Rigatos, Abbaszadeh and Hamida, 2023), (Rigatos and
Karapanou, 2020). The global stability properties of the control scheme are proven through Lyapunov analysis.
First, it is proven that the controller satisfies the H-infinity tracking performance criterion. This signifies that the
control method is robust to model imprecision and disturbances (Toussaint et al., 2000). Moreover, under moderate
conditions it is also proven that the control loop is globally asymptotically stable. To implement state estimation-
based control without the need to measure the entire state vector of the 9-phase PMSM, the H-infinity Kalman Filter
is used as a robust state estimator. The method achieves fast and accurate tracking of reference setpoints under
moderate variations of the control inputs (Rigatos, 2016), (Rigatos, Abbaszadeh and Hamida, 2023), (Rigatos and
Karapanou, 2020).

The significance of the article’s results and methods is outlined in the following (Rigatos, 2016), (Rigatos,
Abbaszadeh and Hamida, 2023), (Rigatos and Karapanou, 2020): (i) The presented nonlinear optimal control
method does not use complicated transformations of the state-space model of the controlled system and changes
of state variables. The computed control inputs are applied directly on the initial nonlinear state-space model of
the system thus avoiding inverse transformations and the associated singularity issues (ii) The use of the nonlinear
optimal control method does not have as a prerequisite the system to be found or to be transformed into a specific
state-space form, as for instance the canonical (input-output linearized) form, or the triangular (backstepping
integral) form (c) the convergence of the method’s iterative search for the optimum is not dependent on parameter
values selection and ad-hoc initialization (met for instance in NMPC) and its global stability properties are proven
through Lyapunov analysis, (iv) the method is computationally efficient and energy efficient. It is computationally
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efficient because of linearizing around one single operating point and because of solving only one Riccati equation
(in place of LMIs). It is energy efficient because of minimizing the variations of the control inputs, thus also reducing
the dispersion of energy by the control loop.

The novelty of the article’s results and methods is justified in the following (Rigatos, 2016), (Rigatos,
Abbaszadeh and Hamida, 2023), (Rigatos and Karapanou, 2020): Unlike past approaches, in the new nonlinear
optimal control method linearization is performed around a temporary operating point which is defined by the
present value of the system’s state vector and by the last sampled value of the control inputs vector and not
at points that belong to the desirable trajectory (setpoints). Besides, the Riccati equation which is used for
computing the feedback gains of the controller is new, and so is the global stability proof for this control method.
Comparing to NMPC (Nonlinear Model Predictive Control) which is a popular approach for treating the optimal
control problem in industry, the new nonlinear optimal (H-infinity) control scheme is of proven global stability
and the convergence of its iterative search for the optimum does not depend on initial conditions and on trials
with multiple sets of controller parameters. It is also noteworthy that the nonlinear optimal control method is
applicable to a wider class of dynamical systems than approaches based on the solution of State Dependent
Riccati Equations (SDRE). The SDRE approaches can be applied only to dynamical systems which can be
transformed to the Linear Parameter Varying (LPV) form. Besides, the nonlinear optimal control method performs
better than nonlinear optimal control schemes which use approximation of the solution of the Hamilton-Jacobi-
Bellman equation by Galerkin series expansions. The stability properties of the Galerkin series expansion -based
optimal control approaches are still unproven.

The structure of the paper is as follows: In Section 2 the dynamic model of the 9-phase PMSM is analyzed and
the associated state-space model is formulated. In Section 3 it is proven that the dynamic model of the nine-phase
PMSM is a differentially flat system. In Section 4 approximate linearization is performed on the model of the nine-
phase PMSM through first-order Taylor series expansion and the computation of the associated Jacobian matrices.
In Section 5 an H-infinity feedback controller is designed for the nine-phase PMSM thus providing a solution to
this system’s nonlinear optimal control problem, In Section 6 the global stability properties of the nonlinear optimal
(H-infinity) control method are proven through Lyapunov analysis. In Section 7 the fine performance of the nonlinear
optimal control method is tested through simulation experiments. Finally, in Section 8 concluding remarks are
stated.

2. Dynamic model of the nine-phase PMSM

Nine-phase permanent magnet synchronous motors are used in electric actuation, traction and propulsion systems
where high power and torque is needed. Therefore, they are a promising solution for electric traction of heavy duty
vehicles. The diagram of the triple three-phase frames for the 9-phase permanent magnet synchronous motor is
shown in Fig. 1 (Kozovsky, Blaha and Vaclavek, 2016), (Kozovsky and Blaha, 2017).

Initially, a triple three-phase notation is considered for the motor’s voltages and currents, which is denoted as
(a1,b1,c1), (az,b2,c2), and (as, bs, c3). After applying Clarke’s and Park’s generalized transformations the three-
phase abc frames are turned into two-phase dq frames which are synchronously rotating with the motor and which
are denoted as (d1, q1), (d2, g2) and (ds, g3) (Kozovsky, Blaha and Vaclavek, 2016), (Kozovsky and Blaha, 2017).

The application of Kirchhoff’s voltage laws in each one these dq frames j = 1, 2, 3 gives the set of equations:

va1 = Ryigr + 2 — wipgy 0
. d
Vg1 = Raig + —152’1 + wig
Va2 = Raigz + 282 — wibgo )
) d
Vg2 = Raige + 292 + wijy
dipgs

vg3 = Rgiaz + 5 — wiba3
) dibes
Vg3 = Raigs + —57 + wibgs

)

v4,j, Vgq,j are voltage variables on the d and g axis, i4,;, i4,; are current variables on the d and ¢ axis, and ¥4 j, ¥q,;
are magnetic flux variables on the 4 and ¢ axis.
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Fig. 1. Diagram of the triple three-phase frames for the 9-phase permanent magnet synchronous motor.

Moreover, the equations describing the variations of the magnetic flux of the rotor ¥4 ;, ¥4 5, 7 = 1,2, 3 take into
account the effects of the mutual inductance between the phases as shown in the following equations: (Kozovsky,
Blaha and Vaclavek, 2016), (Kozovsky and Blaha, 2017)

Va1 = Yar,a1 + Lattar + Ma1,a2ta2 + Ma1,43%43

) : ¢ 4
1/}q1 = ququ + Mql,qQZqQ + Mql,qSZqS ( )
Va2 = Wara2 + Laz2taz + Ma1,a2ia1 + Ma2,43%43
1/}q2 = Lq2iq2 + Mql,quql + Mql,qSiqS (5)
Va3 = Wara3 + Laziaz + Ma1,a3ta1 + Ma2 4342 ©)

1/}q3 = LqSiqS + Mql,qSiql + Mq2,q3iq2

Next, it is considered that all inductance coefficients of the d-axis and g-axis take the same values L, and Lq
respectively. Moreover, it is considered that all mutual inductance coefficients of the d-axis and g-axis take the same
value M and M, respectively.

Using Eq. (1) to Eq. (3) jointly with Eq. (4) to Eq. (6) the electric dynamics of the nine-phase PMSM is described
by the following set of equations (Kozovsky, Blaha and Vaclavek, 2016), (Kozovsky and Blaha, 2017):

var = La=t ”1 + My d“z + My dz‘“ + Rig1 — w(Lgign + Maiga + Myiga) @)
Vap = Myt 4 Lg%ia2 4 Ny %as  Rigy — w(Myiqn + Lyige + Myigs) ®)
vag = Mag%ar + M9z o [4%4s 4 Rigy — w(Myiqr + Myige + Lqiqs) ©
vg1 = w(Laigr + Muias + Maiaz + War) + Lg% + M, %ez 4, as 4 Ry (10)
vg2 = w(Mgiqr + Laig2 + Maiqs + Yar) + Mg~ Ligr | L, d;f + M= dzqg + Rigo (11
vgs = w(Myiar + Myige + Laias + War) + MyZat 4 0, a2 4 [, Yas 4 Ry (12)
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The state variables for the model of the electric dynamics of the 9-phase PMSM constitute the currents vector
[id1,7q1, ta2, iq2, Tds, 1q3] "

The control variables for the model of the electric dynamics of the 9-phase PMSM constitute the control inputs
vector [vdl, Vg1, Vg2, Vg2, V43, ’Uqg]T. Thus, one obtains the following matrix description about the electric dynamics
of the 9-phase PMSM

did
Ld 0 Md 0 Md 0 ddtl
2
o L, 0 M, 0 M, e
My O Lg 0 Mg 0 dtag
at |+
0o M, 0 L, 0 M, ;‘f
Md 0 Md 0 Ld 0 dids
dt
0o M, 0 M, 0 M, digs
dat (13)
R —wLg 0 —wM, 0 —whM, i1 Vg1
wl, 0 wMy 0 wMy 0 iq1 Vg1
n 0 —wM, R —wl, 0 —wM, G2 | _ | Va2
wMy 0 wlyg R wMy 0 ig2 Vg2
0 —wM, 0 —wM, R —wL, 143 Vg3
wMy 0 wMy  wly R 0 ig3 Vg3
By defining matrix M as
L, 0 My; O Mg; O
o L, 0 M, 0 M,
M= Mg O Lg O My; O (14)
0o M, 0 L, 0 M,
My 0O Mgy O Lg O
0o M, 0 M, 0 M,
its inverse is found to be
dMll _ M2]\14 dM31 _ M% dM51 _ M%
t t t
_ eﬁg 22 _ eﬁ/}\é 42 _ 9 52 62
i def M de tM de
-1 T T geM  deM T delM  defM et
MUy M Ty My g M 1
1 t t
Mg Tl My He ' Tl
1 t t
i A T e
detM det M detM det M detM det M
where about the elements of the inverse of matrix A/ it holds that: M1 — LatMg ___  Mx _
detM — L24LaMq—2MZ2° ~ detM
Ms, —Mg My _ g Msi _ —Mg _Me _
detM LZ4+L4aMg—2M32° ~— detM ' detM LZ4+L4Mg—2M32° ~— detM ’
_ My g My LgtMy  Msp g Ma _ =My  Ms, g Me _ =My
deth = V' detd — L2¥LgM,—2MZ' dethdd — 0 detMd — LZ4L,My—2M2° detMd — ' detM — L2HLgM,—2MZ"

My My My g Mss Lat+M _Msa g Mss _ Mg - Mse _
detM Li+LgMg—2M3° detM ' detM Li+LaMg—2M3° detM ' detM Li+LgMg—2M3’ det M :

_ My g M _ — M, _Mss g Mas _ Lq+M, _Msa o Mes _ — M,y

detM = V1 detM = TZFL,M,—2MZ° ~detM = V) detM — L2¥L,M,—2MZ2’' ~detM — ¢ detM — LIFL,M,—2MZ"
Mys —Mg M g Mss . —Ma o M () Mss _ _ LatMa __ Me _
detM LZ4+LgMg—2M2° ~— detM ’ detM L2+LgMg—2M3° — detM 7 detM L2+LgMg—2M3° — detM :
_Me _ g M _ — M, _Mss _ g M _ — M, _ Mse _ o Mes _ Lq+M,y

detM = V1 detM = TZFL,M,—2MZ° ~detM = ) detM — LZ¥LM,—2MZ2’' ~ detM — ¢ detM — LIFL,M,—2MZ"
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Moreover, by denoting matrix N as

R —wly 0 —whM, 0 —whM,
wlLg 0 wMy 0 wMy 0
0 —whM, R —wly 0 —whM,
= 16
N de 0 de R de 0 ( )
0 —whM, 0 —whM, R —wly,
de 0 de de R 0

the product between matrix M and Nis F=M"-N

Fy Fio Fiz3 Fuy Fis Fig
Fyy Foy Foz3 Foy Fhs Fag
Iy Fyp Fzz3 I3y Fys Fig a7
Fyw Fyp Fyz Fu Fis P
Fsy Fso Fs3 Fsa Fss  Fie
Fs1 Fso Fez Foa Fes Fis

where the elements of the product matrix M- N are given by Fy; = SR Fis = dj\gtM( wlq) +

detM

Ml (—wMy) + 2L (—wM,), Fis =

dear B Fua = det]\l/l( wM,) + Msr, (—wLg) + &(_WMq)» Fi5 =

detM detM v detM o det M det M
11 (_ 31 51
2 R, Fie = Fa8r (—wMy) + 4o (—wMy) + Ja8 (—wLy).

Iy = dj\e{‘/zl\z’J (wLa) + dj\e{‘jll\z (wMa) + dj\éf}\z/l (WMa), Faa =0, Fo3 = fiﬁ? (wMa) + dgﬁ (wlLa) + dj\gt% (wMa),

Foy =0, Fos = 222 (wMy) + 322 (wMy) + 222 (wLq), Fa = 0.

l?\?jll = detMR F]%/I? = djﬁﬁ(—quH d]ewtsz\}( wMy) + d]\e/[t513\/1(_WM) 533 = dtMR 1;34 dtM( wMy) +
Zetir (—wlq) + g7 (—wMy), Fss = detMR Fse = det]\g/[( wMy) + gy (—wMy) + g5 (—wile).

Fy = dl\e/lﬁ(wz/d) + detM (WMd) + det61\44 (WMa), Fio = 0, Fy3 = detM (wMq) + dg‘l](‘;l (wlLa) + deu@ (wMa),

Fus =0, Fis = got (wMa) + 728 (wMa) + Fots (wLa), Fag = 0.

F51 = defMR Fso = 3¢ tM(_‘*’L )+ dﬁs}f/[( wMqg) + dAejltBJf/[(_WMq)v Fs3 = 35 tMR Fss = 3¢ fM( wMg) +
dj\;[t31\5/1 —wLq) + dj\e/ltsl\s/l( wMy), Fss = detMR Fse = d]\cfltllf/l(_qu)_i_ dl\eftSJ\S/[( wMq) + dAe4t51\54( wLq).

Fgy = Mas detM(deH— Mo (de)+ M, (de) Fea =0, Fo3 = ger (wMa) + goter (wla) + 75

For =0, Fos = gaier (wMa) + gofer (wMa) + gasir (wLa), Fes = 0.

oo (wMy),

de

About the rotational motion of the 9-phase PMSM, this is caused by the aggregate electromagnetic torque of
the motor which is given by:

T. = 3p[Won (ig1 + ig2 + ig3) + (ia1igr + a2iq2 + ia3iq3)(La — Lq)+

L4t R . L .. .o 18
+(ia1iqe + 1a2iq1 + d19¢3 + 1a3iq1 + 1a2iq3 + asiq2) (Ma — My)] (%)
The turn motion of the motor is described by
0=w
= L[T. — Ty — bu] (19)

where one can consider that the torque due to load 7, is a function of the turn angle 6, for instance 17, = mgl sin(6)
in the case of lifting a mass m attached to the end of a rod of link /..
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The state variables of the 9-phase PMSM are defined as 1 = 0, ©2 = w, 3 = 41, T4 = ig1, T5 = iq2,
Te = 1g2, Tr = 143, T8 = i43. Using the above notation, the state-space model of the 9-phase PMSM becomes

—mglysin(z1) — bza}

il = X9
iy = {3p[Upn (24 + 6 + x8) + (T324 + w506 + T728)(La — Lg)+
+(x3xe + Tsxa + 328 + T7xa + w578 + Trwe) (Mg — My)]—

while about the electrical part of the 9-phase PMSM one has

3
T4
T5
Zg
T7
T8

Fiq
Iy
F3q
Fyy
Fyq
Fs1

Fio Fis
Fyy  Fos
I3 Fis
Fyo Fy3
Iy Fss
Foo  Fps

Fyy
Fyy
F3y
Fyy
Fs,4
Fgy

M,
detM

Moo

M3
detM
0
M5
detM
0

The following drift vector is defined for the 9-phase PMSM

detM

May
det M

Mae
det M

M3, 0
detM
Mo
det M
Mss 0
detM
0 My
det M
Mss 0
det M
0 Mae
det M

[@) = (@) folo) f@) filz) fo@) fol@) fo@) fs(@)"

where the elements of the drift vector are defined as follows:

Ji(z) = 2

fo(z) = L{Ep[W (24 + x6 + 28) + (2324 + T526 + 2728)(La — Lg)+
+(x3xe + Tsxa + 328 + T7xa + w578 + Trwe) (Mg — My)]—
—mglysin(zy) — bz

—(
—(
—(
—(
—(
—(

Fsi23

Frizg + Fiazg + Fi3xs + F1a2e + Fisz7 + Fie2s
Fo123 + Foowyq + Fasxs + Foqxe + Fosxr + Faexs
F3123 + F3214 + F33%5 + F3426 + F3527 + F362s
Fs123 + Fsoxq + F53%5 + Fsa%6 + Fs527 + Fse2s
+ F5o24 + F53%5 + Frae + L5507 + F5e2s
Fe1x3 + Foowa + Fo3s + FeaZe + Fes27 + Foes

)
)
)
)
)
)

M5,
detM

Mss
detM

Mss
det M

Me2
detM

Mea
detM

Mee
det M

U1
U2
u3
Ugq
us
Uue

(20)

@1

(22)

(23)

24

(25)
(26)
27)
(28)
(29)
(30)

Additionally, based on the control inputs gain matrix g(z) = M~1 one defines the following control input gain

vectors

g1(x)

g2(z) =

g3(z) =

ga(z) =

gs5(z) =

Ms,
detM

2253
detM
0
Mss
detM

ge()

€))
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Concisely, the dynamic model of the 9-phase PMSM can be written in the following affine-in-the-input state-
space form

2= f(2) + g1(2)ur + ga(w)ug + g3(x)uz + ga(x)ua + gs(¥)us + go(z)us (32)

where € R®*! f(x)e R®*!, g;(z)eR®*'fori = 1,2,--- ,6 and u;€R fori = 1,2, -- -, 6. The diagram of the
nine-phase PMSM which is fed by a nine-phase Voltage Source Inverter is shown in Fig. 2.

The dynamic model of the 9-phase PMSM can be controlled by three separate 3-phase inverters. Each one of
these inverters will be dedicated to modify the AC current and voltage variables of one of the 3-phase reference
frames of the nine-phase motor. The dynamic model the 3-phase inverters has been analyzed in several research
articles and monographs, as for instance in (Rigatos, 2016), (Rigatos, Abbaszadeh and Hamida, 2023), Moreover,
in (Rigatos, 2016), (Rigatos, Abbaszadeh and Hamida, 2023) the control problem of three-phase inverters has
been dealt with several methods (i) global linearization-based control (Lie algebra-based control and flatness-based
control through transformation into canonical forms), (ii) approximate linearization-based control (nonlinear optimal
control), (iii) Lyapunov theory-based control (adaptive control schemes), (iv) other nonlinear control methods
(sliding-mode control, flatness-based control in successive loops). The control inputs of the inverter are generated
with the use of the pulse-width-modulation (PWM) technique. The joint inverter and 9-phase PMSM system can be
controlled into consecutive loops. The control inputs of the 9-phase PMSM which are computed through the article’s
nonlinear optimal control method become setpoints for the three inverters that inject control currents to the phases
of the motor (Rigatos, 2016), (Rigatos, Abbaszadeh and Hamida, 2023).

As noted before, a triple three-phase notation is considered for the motor’s voltages and currents, which is
given as (a1, by, c1), (ag,ba, c2), and (as, b3, c3). After applying Clarke’s and Park’s transformations to each one
of the three 3-phase abc frames of the 9-phase PMSM these are turned into three 2-phase dq frames which
are synchronously rotating with the motor and which are denoted as (d1, q1), (ds, ¢2) and (ds, g3). To obtain
AC current waveforms, associated with the phases of the 9-phase PMSM one has to use the inverse of the
transformation matrix M that connects the initial description of the currents of the motor from three 3-phase systems
(a1,b1,c1), (ag,ba, c2), (as,bs,c3) into the three 2-phase systems (di,q1), (d2, q2), (ds,g3). By mutiplying
this inverse matrix, which is noted as M !, with the vector of the current state variables [iq1, iql]T, [ia2, ti]T,
and [igs, iqg]T, which are computed by the article’s nonlinear optimal control method one obtains the AC current
waveforms of the 9-phase PMSM.

The forward transformation matrix that allows to turn a current or voltage vector of the first abc 3-phase frame
into a current or voltage vector of the first dg frame is denoted below as M,

cos(0)  cos(6 — %) cos(0 + %r
M=2|-sin0) -sin(@-2) —sin(d+ ) (33)

9-phase VSI

RN

Vie ‘

YT

Fig. 2. Diagram of the 9-phase PMSM driven by a voltage source inverter.

Ll
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while its inverse matrix which allows to turn a current or voltage vector of the first dg 2-phase frame into a current or
voltage vector for the first abc 3-phase frame is denoted below as M ~1

cos(0) —sin(6) 1
M=t=|cos(0— &) —sin(@—2) 1 (34)
cos(0+2F) —sin(0+ ) 1

Considering that the 3-phase reference frames of the nine-phase PMSM are shifted between them by an angle
equal to a then a phase coefficient of :l:%” + a will have be used in the transformation matrices of the second
3-phase frame, while a phase coefficient of :l:%” -+ 2a will have be used in the transformation matrices of the third
3-phase frame.

3. Differential flatness properties of the 9-phase PMSM

It will be proven that the dynamic model of the nine-phase PMSM is differentially flat with flat outputs vector
Y = [y1,92,ys, y4,y5,y6]T orY = [z, z3,5, T, z7,z9]T. From the first row of the state-space model one has

To = T1=>Toy = hQ(K Y) 35)

which signifies that z is a differential function of the flat outputs vector. From the second row of the state-space
model one can also solve for state variable x4

iy — L{3p[Wm(z6 + 28) + (w526 + 2738)(La — Lg)+
+(z3x6 + x3xs + x528 + T7we) (Mg — My)] — mgLsin(zq) — bxa} = (36)
= %%p[‘l’m + $3(Ld — Lq) + (I5 =+ $7)(Md — Mq)]I4

Next, by denoting functions g1 (z) and g2 () as follows

q1(z) = i3 — L{3p[V.n (26 + 28) + (w526 + 2778)(La — Lg)+
+(z3x6 + x3xs + x5x8 + Trwe) (Mg — My)] — mgLsin(zq) — bxa} (37

@2(x) = 53p[W + w3(La — Ly) + (w5 + 27) (Mg — M,)] (38)

and by solving for x4 one has

va= L8 =qy = hy(Y,Y) (39)

which signifies that state variable x4 is also a differential function of the flat outputs of the system.
Moreover, from rows 3 to 8 of the state-space model one has

¥38 = —F-x38+ Gu (40)

where x3 g = [z3, 24, T5, T6, T7, xs]T while matrices F and G are given by

M, M3, Ms,
Fi1 Fio Fis Fiu Fis Fig detM A? det M A? detM A?
Iy Fog Fhy Foy Fos  Fhg 0 Teiig 0 detit 0 detiT
r_ Fy1 F3p Fiz Fzy Fas  Fyg a_ Mis 0 Ms Mss 0 41
T |Fa Fo Fg Fy Fi F B Mo Ty el @D
4t F42 P43 L4a P45 D46 0 det M 0 det M 0 det M
Fs1 Fso Fs3 Fsa Fss Fie Ms 0 Ms g M
Foi Fso Fes Foi Fss F My Myg Mg
61 62 63 64 65 66 0 S 0 S 0 oy



Rigatos et al.

By solving the previous equation for the control inputs vector u one obtains

u=G [izg + F-z38]=u = hy(Y,Y) (42)

which signifies that the control inputs vector is also a differential function of the flat outputs vector of the system.
Therefore, the entire dynamic model of the 9-phase PMSM is differentially flat.

The differential flatness property signifies that the model of the 9-phase PMSM is input-output linearizable.
Besides, it allows to solve the associated setpoints definition problem. Setpoints are defined in unconditional manner
for those state variables which coincide with the flat outputs of the system. For the rest of the state variables,
setpoints are chosen as differential functions of the setpoints of the flat outputs.

4. Approximate linearization of the dynamic model of the 9-phase PMSM

The dynamic model of the 9-phase PMSM being initially in the state-space form & = f(z) + g(z)u or
z = f(z) + Z?zlgi(z)ui undergoes approximate linearization through first-order Taylor series expansion and
through the computation of the associated Jacobian matrices. The linearization point is updated at each sampling
instance and is denoted as (z*, u*), where x*is the present value of the system’s state vector and u* is the last
sampled value of the control inputs vector. This results into the linear state-space form

where 4, B are the Jacobian matrices of the system and d is the cumulative disturbance term which may include:
(i) modelling error due to the truncation of higher-order terms in the Taylor series expansion, (ii) exogenous
perturbations (iii) sensor noise of any distribution. Since the elements of the columns of the control inputs gain
matrix g(x) are constants, the Jacobian matrices of the system are defined as follows:

A =Vu[f(2) + 9(@)u] |(@rur) A = Vaf (@) |@ru) (44)
B = Vu[f(z) + g(x)u] |z ur) =B = g() |zxur) (45)
This linearization approach which has been followed for implementing the nonlinear optimal control scheme

results into a quite accurate model of the system’s dynamics. Consider for instance the following affine-in-the-input
state-space model

i = f(z) + g()u= ]
i = [[@) + Vo @) |- (@ = 2]+ [9(a") + Vag @) |ov (0 = 2% + g(a")u + g(a™) (u—w) +di=> (46)
i = Vol (@) o +Vog(@) Lo o+ 90" )u = [Vaf(2) lor +Vag(@) low u”la” + (@) + 9" +

where Jl is the modelling error due to truncation of higher order terms in the Taylor series expansion of f(z) and
g(z). Next, by defining A = [V f(z) |o* +Vazg(x) |z v*], B = g(z*) one obtains

& = Az + Bu — Az* + f(z*) + g(z*)u* + d; (47)

Moreover by denoting d = —Az* + fl@*) +gla*)u* + d1 about the cumulative modelling error term in the
Taylor series expansion procedure one has

#=Ar+Bu+d (48)

which is the approximately linearized model of the dynamics of the system of Eq. (43). The term f(z*) + g(z*)u*
is the derivative of the state vector at (z*, u*) which is almost annihilated by — Ax*.
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The computation of the Jacobian matrix A=V, [f(ﬂﬁ) + g(:c)u] |(m*,u*) proceeds as follows:
; ; ; fij 8 8 5}
First row of the Jacobian matrix A = V4 [f(z) + g(z)u] | u): 92 =0, §8 =1, 504 =0, 3 =0,
Of _ . 8 g 0 _ 8Hh _ .

Oxs ~ 7 Oxe ) Oxr ) Oxg

Second row of the Jacobian matrix A = Vi [f(z) + g(@)u] |(gx u): g—fj = —LmgLcos(z1), g_f; = _%7
52 — L {3plwa(La— Lg) + (w6 + 8) (Mo — My)]}, 2 = 1{8p[Wo +x3(La — Lo) + (w5 + 27) (Ma — M,)]},
2 = 33ples(La — Lg) + (w4 + @) (Ma = My)l}, 52 = F{3p[¥m +w5(La — Ly) + (w3 + 1) (Mg — M,)]},
8L — L {3plws(La— L) + (w4 +w6)(Ma— My)]}, §2 = 3{3p[Wn + 27 (La — Lg) + (w3 + 25)(Ma — My)]}.

Third row of the Jacobian matrix A = V. [f(z) + g(@)u] |+ u=): g—ﬁ{,i =0, g—fg = [%I;l;:c + BF” S Te +
Z@I;I;x5 + 8F14x + 6F15$7 + 6F16 ]7 g_zf;z - _Flla % - _F127 g_;fi - _Fl3a 6_16 - _F147 617 - _F157
sre = —Fio.

Fourth row of the Jacobian matrix A = V. [f(z) 4 g(x)u] |(zx u): %ﬂ% =0, gﬂ% = [%I;le + %2222 +
53917'962233j + 6Fz4$ + 6F25:E + 8F26 ]7 g_g‘; = —F21, % = —}7‘227 g—g{‘; = _F23, g£ — }7‘247 695 _1-7‘257
gfj—s = —Fy.

Fifth row of the Jacobian matrix A = V,[f(x) + g(z)u] |z u*): g—ﬁ‘ =0, g—f; = [652321:5 + BBI;“; +
%1;323”” + % 34336 + 8F35x +3 6F36 xs), g—i = ~Fy, § 8w4 = — I, a;:i = — I, 3%2 = —Fy, 3 Bz = — I35,
8f5 — _F
dxs 36-

Sixth row of the Jacobian matrix A = V. [f(x) + g(z)u] |z u*): g—ﬁ =0, g—g = [8F41z + 3F42 4+
OF, OF, OF. oF d d
8m423$ + 314241: + 3m4251: + 31426 ]7 5% - _F417 5& - _F427 53% - _F437 51% - _F447 5‘% - _F457
Of _ _ R
s 46-

Seventh row ofthe Jacobianmatrix A = V. [f(z) + g(z)u] |(z* u*): %};—: =0, %};—; = [%I;“”;z +5 o5 2Ts +

OFsa 15 + 6F5496 + 8F55w + anem sl, 9 = —Fyy, 2t = Py, 8L = Ry, 3L = —Fyy, 3 = —F;,

amz ’ Oz Oxa oxs Oze dx7

Ofr _
Fos = —L56.
Eighth row of the Jacobian matrix A = V[f(z) 4 g(z)u] |(g+ u): gﬂ{—? =0, ga% = —[8F61 + 5 OF 21y +
Bavi = _F66'
; OF, OF M M M OF,
where it has been used that G =0, F2 = Toing (—Lq) + i35 (—My) + 32585 (=My), s = 0,

oF M M. M oF oF M M M,
e = dennr (— M) + geinr (—Lq) + et (= My), T2 =0 Go = Ziar (= Mo) + 587 (= Mg) + g7 (—Lo)-

iti OF. M. M. M, AF: OF. M.
Additionally one has that ﬁ; = ﬁ(Ld) + o2 (My) + e (My), 8;22 0, a;; = ﬁ(Md) +

Myo (Ld)+ Me2 (Md)a OF4 -0 OFys _ Moo (Md)+ My2 (Md)+ Me2 (Ld) OF -0

detM detM Oxo ) Oxog detM detM detM Oxo

OF3; __ OFs __ Mis (_ Mss (_ Ms3 OF33 __ OFsy __ Mz (
Furthermore Oxs O’ Oxs detM( L ) + detM( M ) + detM( Mq)’ Oxo O Ora detM( M‘I) +
Mss Mss (_ OFss __  OF3 __ _Mis Mas (_ Mss (
detM( Lq) + detM( Mq)’ Oxo =0 Dxro2 detM( Mq) + detM( Mq) + detM( Lq)
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Moreover one has that 9Fa1 Moy (Ld)+ Mayq (Md)+ Mes (M ) OFuy __ 0 OFy3 _ Moy (Md)+ Myq (Ld)+

Oxo ~ detM det M detM Oxo Y Oxo ~ detM det M
Mey OFys _ OFs5 _ Moy My Mey OFs6 __
detM(Md)’ dzs ) Omy detM(Md)+ detM(Md)+ detM(Ld)’ dzs
Additionally 8Fs1 _ g 9Fs2 _ Mis ( Mss (_ Mss (. OFs3 _ ( OFsa _ Mis (
y Oxy O’ Oxo detM( Lq) + detM( Mq) + detM( Mq)’ Oxy O’ Oxo detM( Mq) +

ety (—Lo) iy (= M), 5 =0 G = iy (= My) + gy (—=Mo) + 2y (L)

i e) a e)
Finally one has that G — getir (La) + ety (Ma) + ey (Ma), G322 = 0, G = 7y (Ma) + gty (La) +

[l o) [l
actir (M), g2t = 0 52 = gty (M) + ety (Ma) + 7y (La), o = 0.

9. Desing of a stabilizing H-infinity feedback controller

5.1 Min-max control and disturbance rejection

In the H, control approach, a feedback control scheme is designed for setpoint tracking by the system’s state
vector and simultaneous disturbance rejection, considering that the disturbance affects the system in the worst
possible manner. For the approximately linearized model of Eq. (43), the disturbances’ effects are incorporated in
the following quadratic cost function (Rigatos, 2016)

T(t) = LT T (Oy(t) + ruT u(t) — 2T ()d(E)]de, 7 p >0 (49)

The significance of the negative sign in the cost function’s term that is associated with the perturbation variable
d(t) is that the disturbance tries to maximize the cost function .J(t) while the control signal u(t) tries to minimize it.

The physical meaning of the relation given above is that the control signal and the disturbances compete to each
other within a min-max differential game. This problem of min-max optimization can be written as minumamgj(u, J).
The objective of the optimization procedure is to compute a control signal u(t) which can compensate for the worst
possible disturbance that affects the system. However, the solution to the min-max optimization problem is directly
related to the value of parameter p. This means that there is an upper bound in the disturbances magnitude that can

be annihilated by the control signal.

5.2 Design of the stabilizing feedback controller
After linearization around its current operating point (x*, u*), the dynamic model of the 9-phase PMSM is written as

T = Az + Bu+d; (50)

Parameter d; stands for the linearization error in the 9-phase PMSM’s model appearing previously in Eq. (50).
The reference setpoints for the state vector of the nine-phase PMSM are denoted by x4 = [x¢, - - - , xd]. Tracking
of this trajectory is achieved after applying the control input u,4. At every time instant the control input u4 is assumed
to differ from the control input « appearing in Eq. (50) by an amount equal to Au, thatis ug = u + Au

tq = Axq+ Bug + d (51)

The dynamics of the controlled system described in Eq. (50) can be also written as

T = Az + Bu + Bug — Bug + d; (52)
and by denoting d3 = —Bug + d; as an aggregate disturbance term one obtains
= Ax+ Bu+ Bug +ds (53)
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By subtracting Eq. (51) from Eq. (63) one has

T—tg=A(x —zq)+ Bu+ds —ds (54)

By denoting the tracking error as e = © — x4 and the aggregate disturbance term as Ld = ds — dg, the
tracking error dynamics becomes

¢ — Ae+ Bu+ Ld (%)

with L to be representing the disturbance inputs gain matrix. For the linearized system the cost function of Eq. (49) is
defined, where coefficient » determines the penalization of the control input and the weight coefficient p determines
the reward of the disturbances’ effects. Then, the optimal feedback control law is given by

u(t) = —Ke(t) (56)
with K = %BTP where P is a positive definite symmetric matrix which is obtained from the solution of the Riccati
equation

ATP+PA+ Q- P(2BB" — LLLT)P =0 (57)

where Q) is also a positive semi-definite symmetric matrix. The worst case disturbance is given by cf(t) = ;&LTPe(t)
The computation of the worst-case disturbance that this controller can sustain, comes from superposition of
Bellman’s optimality principle when considering that the motor is affected by two separate inputs, that is the control
input « and the cumulative disturbance input 4. From the previous relation about the worst case disturbance it can be
seen that the smallest value of the attenuation coefficient p that results into an admissible solution for the method’s
algebraic Riccati equation, is the one that provides the control loop with maximum robustness. The diagram of the
considered control loop is depicted in Fig. 3.

Linearization of the nine-phase
Permanent Magnet Synchronous Motor

;¢=Ax+Bu+Ld

A= fol(x',u")'B = Vful(x',u') . i
o S

Solution of the algebraic
Riccati equation

2 1
ATP+PA+Q - P(;BBT - ?LLT)P =0

P
X e H-infinity u = Ke | Nonlinear dynamics of the x
a control gain , | nine-phase Permanent Magnet &
1 = Synchronous Motor J
K=--BTP .
h r x=f(xuw)

Fig. 3. Diagram of the Nonlinear Optimal Control loop for a 9-phase PMSM.
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6. Lyapunov stability analysis
6.1 Stability proof

Through Lyapunov stability analysis it will be shown that the proposed nonlinear control scheme assures H ., tracking
performance for the 9-phase PMSM, and that in case of bounded disturbance terms asymptotic convergence to the
reference setpoints is achieved. The tracking error dynamics for the 9-phase PMSM is written in the form (Rigatos,
2016)

¢ = Ae+ Bu+ Ld >8)

where in the 9-phase PMSM'’s case LER®*8 is the disturbance inputs gain matrix. Variable d denotes model
uncertainties and external disturbances of the motor’'s model. The following Lyapunov equation is considered

V= %eTPe (59)

where e = x — x4 is the tracking error. By differentiating with respect to time one obtains

V= %éTPe + %eTPé:>
1 AT 1,1 7 (60)
V = 5[Ae+ Bu+ Ld]" Pe + 5e' P[Ae + Bu + Ld]=

V =3[e" AT + u" BT + d" L] Pe+ 61
+1e’ P[Ae + Bu + Ld]=

V =1eT AT Pe + 24T BT Pe+ 1dT LT Pe+
2 2 2 - (62)
zeTPAe+ $eT PBu+ e PLd

The previous equation is rewritten as
7 _ 1, T(AT 1, TnRT 1.T
V =3e" (A" P+ PA)e+ (3u” B* Pe + 5e" PBu)+ 63)

+(3d"LT Pe + LT PLd)

Assumption: For given positive definite matrix () and coefficients » and p there exists a positive definite matrix
P, which is the solution of the following matrix equation

ATP+PA=-Q+P(2BB" — LL")P (64)

Moreover, the following feedback control law is applied to the system

—_1pgT
u=—.B"Pe (65)
By substituting Eq. (64) and Eq. (65) one obtains
V =1eT[-Q+ P(2BBT — LLL)Ple+ (66)
+eTPB(—1BT Pe) + eT PLd=
V = —3¢"Qe+ (te" PBB" Pe — 555 e” PLL" Pe) (67)
—1eTPBBT Pe+ T PLd
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which after intermediate operations gives

V=—1eTQe - 12eTPLLTPe+eTPLd (68)

or, equivalently

V= ——eTQe — ; el PLLT Pe+
+1e"PLd+ LdTLT Pe (69)
Lemma: The following inequality holds (Rigatos, 2016)
3e"Ld+ $dLT Pe — 5e” PLLT Pe<§p*d"d (70)
Proof : The binomial (pa: — —b) is considered. Expanding the left part of the above inequality one gets
p2a2+%b2—2ab>0:> p a +2,1)2b2—ab>0:>
ab—ﬁlﬁgép a’?=1 ab+ sab— 51 b2_ép2a2 1
The following substitutions are carried out: a = dand b = eT PL and the previous relation becomes
1d" LT Pe + 1T PLd — 5 gze’ PLLT Pe<3 p?d’d (72)
Eq. (72) is substituted in Eq. (69) and the inequality is enforced, thus giving (Rigatos, 2016)
V< — 1eT Qe+ 1p2de (73)

Eq. (73) shows that the H, tracking performance criterion is satisfied. The integration of V from 0 to T gives

Ty T At
Jo V(tydt< — 5 [ ||6||ngt+ 3% Js ||6l||2d7f=>

2V(T) + f |lel|Bdt<2V (0) + p2 o ||d|[2dt 7
Moreover, if there exists a positive constant M; > 0 such that
Jo~ ldlPdt < Mq (75)
then one gets
Jo~ llellgdt < 2V(0) + p* My o

Thus, the integral f0°°||e||2th is bounded. Moreover, ¥ (T) is bounded and from the definition of the Lyapunov
function ¥in Eq. (59)itbecomes clearthate(r) willbe alsoboundedsince e(t) € . = {ele? Pe<2V(0) + p>My}.
According to the above and with the use of Barbalat’s Lemma one obtains lim;_,~.e(t) = 0.

After following the stages of the stability proof one arrives at Eqg. (73) which shows that the H-infinity tracking
performance criterion holds. By selecting the attenuation coefficient  to be sufficiently small and in particular to
satisfy p? < ||e||2Q/||d||2 one has that the first derivative of the Lyapunov function is upper bounded by 0. This
condition holds at each sampling instance and consequently global stability for the control loop can be concluded.
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6.2 Robust state estimation with the use of the H_Kalman Filter

The control loop has to be implemented with the use of information provided by a small number of sensors and
by processing only a small number of state variables. Actually, one can implement feedback control by measuring
only the stator currents. To reconstruct the missing information about the state vector of the 9-phase PMSM it is
proposed to use a filtering scheme and based on it to apply state estimation-based control (Rigatos, 2016). By
denoting as A(k), B(k) and C(k) the discrete-time equivalents of matrices A, B and C of the linearized state-
space model of the system, the recursion of the H,, Kalman Filter, for the model of the 9-phase PMSM can be
formulated in terms of a measurement update and a time update part

Measurement update:

(k
K(k) = P~ (k)D(k)CT (k)R(k)~! (77
)

Time update:

27 (k+1) = A(k)x(k) + B(k)u(k)

P=(k +1) = A(k)P~ (k) D(k) AT (k) + Q(k) 78
where it is assumed that parameter 6 is sufficiently small to assure that the covariance matrix
P=(k)"" — OW (k) + CT (k)R (k)~2C(k) will be positive definite. When § = 0 the H, Kalman Filter becomes
equivalent to the standard Kalman Filter. One can measure only a part of the state vector of the nine-phase PMSM,
and can estimate through filtering the rest of the state vector elements. For instance, one can measure the rotor’s
turn angle x1 = 6, and the stator currents x3, x4, T5, g, T7, Tg and can estimate through filtering the rotor’s
turn speed za.

7. Simulation tests

The previously proven global stability properties of the nine-phase PMSM are further confirmed through simulation
experiments. To implement the nonlinear optimal control method, the algebraic Riccati equation of Eq. (64) had to
be repetitively solved, at each time-step of the control algorithm using Matlab’s aresolv() function. Indicative values
about the parameters of the 9-phase PMSM are as follows: number of phases P,, = 4, moment of inertia of the
rotor J = 1.4kg-m?, damping coefficient b,,, = 0.01, magnetic flux due to permanent magnets ¥,, = 3.1Wb,
resistance of the stator Ry, = 0.30hm, d-axis component of self-inductance Ly = 85mH, g-axis component
of self-inductance L, = 84mH, d-axis component of mutual-inductance My = 13mH, g-axis component of
mutual-inductance M, = 12mH, mass of the load m;, = 1.2kg, length of the rod carrying the load [y, = 1.0m,
gravity’s acceleration g = IOm/seCQ, The control method is sufficiently robust to model uncertainty and parametric
imprecision and performs well even when the controller uses distorted values of the parameters of the 9-phase
PMSM.

The obtained results are depicted in Fig. 4 to Fig. 7. The sampling period was Ty, = 0.01sec. The method is
computationally efficient since the time needed to solve the Riccati equation in a PC with an Intel i7 processor at
2.8HGz is much shorter than the sampling interval. As it can be noticed from the simulation experiments the method
achieves fast and accurate tracking of setpoints by all state variables of the 9-phase PMSM while the variations of
the control inputs remain moderate. The parameters which affect the transient performance of the control scheme
are coefficients r, p and @ in the Riccati equation.

For relatively small values of r the tracking error of the state variables is eliminated, while for relatively large
values of () fast convergence to the reference values is achieved. Moreover, the smallest value of p for which a valid
solution of the method’s Riccati equation is obtained in the form of a positive definite and symmetric matrix P is the
one that provides the control loop with maximum robustness.

The setpoints for the state variable of the 9-phase PMSM have been selected as follows: for state variable x,
(that is the turn angle of the 9-phase PMSM) each setpoint is a sum of sinusoidal signals, while for state variable x,
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Fig. 4. Tracking of setpoint 1 by the nine-phase PMSM (a) convergence of state variables x, to x, to their reference setpoints (red line: setpoint, blue
line: real value, green line: estimated value), (b) convergence of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real value,
green line: estimated value).
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Fig. 5. Tracking of setpoint 1 by the nine-phase PMSM (a) control inputs u, to u,, (b) convergence to zero of the tracking error for the indicative state
variables of the nine-phase PMSM.

(which is the angular speed of the motor) the setpoint is the time-derivative of the setpoint of x,. Convergence of x,
and x, to such a type of sinusoidal setpoints demonstrates the capability of the proposed nonlinear optimal control
method for precise positioning of the rotor and for reliable functioning of the multi-phase motor under variable
angular speed. (ii) for state variables x,to x, (which are the currents of the phases of the 9-phase PMSM), the
associated setpoints exhibit stepwise changes. Despite these abrupt changes it can be noticed that the nonlinear
optimal control method achieves again fast convergence of the current state variables to the targeted reference
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Fig. 6. Tracking of setpoint 2 by the nine-phase PMSM (a) convergence of state variables x, to x, to their reference setpoints (red line: setpoint, blue
line: real value, green line: estimated value), (b) convergence of state variables x; to x, to their reference setpoints (red line: setpoint, blue line: real value,

green line: estimated value).
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values. Tracking of time-variable setpoints is also an evidence about the global stability properties of the control

method.

Comparing to other nonlinear approaches that one could have considered for the dynamic model of the 9-phase
PMSM the article’s nonlinear optimal control method exhibits specific advantages. These are outlined in the following:
(i) Compared to global linearization-based techniques such as Lie algebra-based control and flatness-based
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control through transformation into canonical forms and eigenvalues assignment the proposed nonlinear optimal
control method does not need complicated state-space model transformations with the definition of new state
variables (diffeomorphisms). The optimal control is applied directly on the initial nonlinear state space model of
the system without involving inverse transformations that may come against singularity issues, (ii) compared to
popular approaches for treating the optimal control problem in industry, such as Nonlinear Model Predictive Control
(NMPC) the proposed nonlinear optimal control method is of proven global stability and its convergence to optimum
does not depend on parameter values selection and on initialization (multiple shooting methods), (iii) compared to
sliding-mode control the nonlinear optimal control method does not need the controlled system to be found or to be
transformed into a specific state-space form. For instance it is known that unless the system is in the input-output
linearized form (canonical form) there is no systematic manner for defining sliding surfaces and for computing
the sliding-mode control inputs, (iv) compared to backstepping control the nonlinear optimal control method does
not need the controlled system to be found or to be transformed into a specific state-space form. For instance in
backstepping control unless the system is found in the triangular (strict feedback) form there is no systematic manner
to compute the stabilizing feedback control inputs, (v) unlike multiple local-models feedback control the proposed
nonlinear optimal control approach does not induce an excessive computational load. It does not need linearization
around multiple arbitrarily chosen operating points and does not require the solution of multiple Riccati equations
or LMls (vi) compared to PID-type control, the nonlinear optimal control method does not follow a heuristics-based
selection of controller parameters and ensures global stability in changes of operating points and under variable
operating conditions.

It is also of worth to point out that in synchronous and asynchronous electric machines the control problem
is usually solved through a forward transformation of voltage, current and magnetic flux variables in a rotating
reference frame, while to obtain representation of these variables in the phases’ frame an inverse transformation is
needed. For instance, in the case of three-phase machines, after using Clarke’s / Park’s transformation one moves
from the abc frame with sinusoidal voltage and current waveforms to the dq0 frame with amplitude voltage and
current representation. Inverting the transformation allows to reconstruct the sinusoidal voltage and current signals
of the phases of the electric machine. In the case of the article’s 9-phase machine one uses a 3-phase Clarke’s /
Park’s transformation and its inverse for the voltage and current variables of each one of the three 3-phase frames
a,b,c,, a,b,c,and a,b,c, which constitute the electric dynamics of the 9-phase motor. Thus, using the inverse of the
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Fig. 8. Variation of the phase currents of the 1st 3-phase frame of the 9-phase PMSM: (a) when tracking setpoint 1, (b) when tracking setpoint 2.
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Fig. 9. Variation of the phase currents of the 2nd 3-phase frame of the 9-phase PMSM: (a) when tracking setpoint 1, (b) when tracking setpoint 2.
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Fig. 10. Variation of the phase currents of the 3rd 3-phase frame of the 9-phase PMSM: (a) when tracking setpoint 1, (b) when tracking setpoint 2.

of the 9-phase PMSM a,b,c, are shown in the diagrams of Fig. 8 , (ii) the variation of the phase currents of the
2nd 3-phase frame of the 9-phase PMSM a,b,c, are shown in the diagrams of Fig. 9, (iii) the variation of the phase
currents of the 3rd 3-phase frame of the 9-phase PMSM a,b.c, are shown in the diagrams of Fig. 10.

To elaborate on the previous diagrams and on the fine tracking performance and the global stability properties
of the nonlinear optimal control method for the 9-phase PMSM, the following Tables are also given: (i) Table 1
providing data about the accuracy of tracking of setpoints by the state variables of the 9-phase PMSM under an
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No test RMSE,, RMSE,, RMSE,, RMSE,, RMSE,, RMSEg, RMSE,, RMSE,,
test1 0.4861 0.0615 0.1311 0.0514 0.0279 0.0210 0.0776 0.0464
test2 0.8440 0.0637 0.0745 0.0297 0.0405 0.0142 0.1006 0.0342

Table 1. Tracking RMSE for the 9-phase in the disturbance-free case x 102

No test RMSE;, RMSE;, RMSEj;, RMSE;, RMSE;, RMSE;, RMSE;, RMSE3;,
test1 0.3639 0.6976 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
test2 0.4373 0.7684 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001

Table 2. Estimation RMSE for the H-infinity Kalman Filter x 10-3

No test Ts 21 Ts o Ts x3 Ts x4 Ts x5 Ts x6 T @7 Ts rs
test1 35 4.0 0.2 0.2 0.2 0.2 0.2 0.2
test2 35 3.0 0.2 0.2 0.2 0.2 0.2 0.2

Table 3. Convergence times (sec) for the 9-phase PMSM

exact dynamic model, (ii) Table 2 providing data about the accuracy of state estimation that is achieved by the
H-infinity Kalman Filter, (iii) Table 3 providing data about the speed of convergence of the state variables of the
9-phase PMSM to the targeted setpoints.

8. Conclusions

Nine-phase permanent magnet synchronous motors exhibit specific advantages when compared to three-phase
synchronous or asynchronous motors. They can produce higher power and torque while keeping moderate the
values of currents and voltages at their phases, they are less prone to a total failure and they can remain functional
under harsh operating conditions. Based on these merits, nine-phase PMSMs are also a reliable solution for the
traction problem of heavy-duty vehicles. Due to the nonlinear and multivariable structure of the dynamic model of
nine-phase PMSMs the solution of the associated feedback control problem is a nontrivial task. In this article a
novel nonlinear optimal (H-infinity) controller is developed for a nine-phase PMSM. To this end, the dynamic model
of the nine-phase PMSM undergoes approximate linearization with the use of first-order Taylor-series expansion
and through the computation of the associated Jacobian matrices. The linearization takes place at each sampling
instance around a temporary operating point which is defined by the present value of the system’s state vector and
by the last sampled value of the control inputs vector.

The model imprecision which is due to the truncation of higher-order terms from the Taylor series is viewed
as a perturbation which is asymptotically compensated by the robustness of the control method. The nonlinear
optimal controller represents a differential game which takes place between the control inputs and the modelling
errors or the exogenous perturbations that affect the system. For the approximately linearized model of the nine-
phase PMSM an H-infinity optimal feedback controller is designed. To select the feedback gains of the controller
an algebraic Riccati equation is solved at each sampling instant. The global stability properties of the control
scheme are proven through Lyapunov analysis. By demonstrating that the H-infinity tracking performance
criterion holds the robustness of the control method to model uncertainty and external perturbations has
been confirmed. Moreover, under moderate conditions, it has been proven that the control method is globally
asymptotically stable. The nonlinear optimal control approach for nine-phase PMSMs retains the advantages
of typical linear optimal control, that is fast and accurate tracking of setpoints under moderate variations of the
control inputs.
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