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1. Introduction
The number of grid-connected inverters has significantly grown in the recent years. Increased costs in the case of 
rectifier operation in relation to passive diode rectifiers are compensated for by increased capabilities of harmonics 
content reduction and reactive power management. In the case of unbalanced grid operation, it enables negative-
sequence management, impossible in passive rectifiers. In the case of renewable energy sources integration, the 
interfacing converters increase conversion efficiency of variable speed generators, whereas in photovoltaic sources 
and battery energy storage systems, grid side converters are anyway necessary to integrate them with an AC power 
network.

Recently, interconnection requirements called grid codes have been established and they are more and more 
restrictive. Large emphasis in these standards is put on assistance of converters during voltage sags, to increase 
stability of the power distribution system (Abdeltawab and Mohamed, 2016). In order to control a power converter 
connected to an asymmetrical grid, different methods have been developed. The most popular are positive and 
negative-sequence decomposition-based control for management of positive and negative-sequence components 
in different coordinate frames (Cheng and Nian, 2016; Guo et al., 2017, 2018; Nian et al., 2015) and resonant 
controllers of the fundamental harmonics component (common for positive and negative sequences) (Guo et al., 
2018). Methods based on calculating the reference signal matching the desired control target, without positive- and 
negative-sequence decomposition, are also found in the literature (Iwanski, 2019; Iwanski et al., 2017). Usually, they 
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require oscillatory terms to track the reference current including a 50-Hz frequency component if controlled in the 
stationary ab frame or constant and a 100-Hz component if controlled in a rotating synchronously dq reference frame.

Although implementation of oscillatory terms in a digital signal processor is not complicated and obtained results 
are usually satisfactory, the publications rarely discuss the problems of gains tuning and anti-wind-up structures of 
oscillatory terms. Especially, tuning of controller built with oscillatory terms is not a trivial problem and in a classic 
way cannot assure stability in all conditions. To do it honestly, a linear quadratic LQ optimization method has been 
investigated (Gałecki et al., 2016) and combined with particle swarm optimization method (Gałecki et al., 2018). It 
makes the control system expanded and requires significant experience from the control system designer, whereas 
the control plant is relatively simple.

This paper presents a new approach based on transformation to the non-Cartesian frame. The main idea 
of this concept is to establish a new coordinate system, in which oscillations of controlled variables in the dq 
frame during an asymmetrical voltage dip and/or asymmetrical reference current do not exist. It can be done by 
estimating amplitude and phase of each voltage component in a natural ab frame and adjusting the newly proposed 
transformation to match a new reference. By choosing different combinations of the calculated amplitude multipliers 
and phase shifts, different control objectives can be achieved. Although an approach based on ab components’ 
magnitudes and phase shift calculation can be found in the literature (Rizo et al., 2012), its application is limited to 
saturation of controllers. This approach is not related to current control and reference current calculation or to the 
analysis of different control targets such as current imbalance corresponding or opposite to grid voltage imbalance 
and symmetrical current target.

A similar concept to the proposed one is known in post-fault operation of multiphase machines (Abdel-Khalik 
et al., 2018; Levi et al., 2007). The difference is that in the case of multiphase machines, the new reference frame 
can be calculated offline for each phase fault and mapped in a table, due to the fixed position of stator phase 
windings. For a grid-connected converter, estimation of new transformation parameters has to be done online, 
because during a voltage dip, phase displacement and voltage amplitude reduction (Rizo et al., 2012) depend on 
the type and depth of grid voltage dip. To do so, the second-order generalized integrator (SOGI) (Patiño et al., 2015; 
Rodriguez et al., 2011; Xin et al., 2016) was chosen as a phasor estimator because of its robustness, convergence 
speed and low computational intensity. This paper presents an analysis of the newly developed non-Cartesian 
frame transformation and some simulations proving the theory of transformation.

2. The Principles of the Proposed Non-Cartesian Frame Transformation
Clarke’s transformation (Clarke, 1943) allows to represent a three-phase system in the form of two orthogonal 
components of the vector of voltage, current or flux. In case of symmetrical sinusoidal three-phase signals, a and b 
components of the vector in a natural ab frame are represented by the following equation:
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where x represents vector of voltage, current or flux and q represents the vector rotation angle, which changes 
according to the pulsation w of three-phase signals as represented by the following equation:

	 d( )
t

t

0

0

∫θ ω τ τ θ= + 	 (2)

Park’s transformation (Park, 1929) is the foundation of vector control algorithms in power electronics and drives. 
It allows representation of vector x in the frame, in which vector x has constant components. There are several 
reasons for using this transformation, mainly linearization of the control system, constant reference signals and 
consequently implementation of classic proportional–integral controllers eliminating steady-state errors for constant 
control variables. There is an infinite number of frames in which vector x obtains constant components. Usually a 
specific one is selected that is oriented to the d component of the reference vector (e.g., flux in the field-oriented 
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control of electric machines or grid voltage vector in voltage oriented control of grid side converters). Classic rotation 
transformation for synchronization with the d component of the vector can be described as follows:
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In the case in which the analyzed vector contains both positive and negative sequence, the instantaneous values of  
xa and xb vector components in the ab frame can be represented by the following equation:
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where |xa | and |xb | are the amplitudes of the xa and xb components, respectively, and qa and qb are the phase shifts 
between ab component signals and positive sequence a component signal, respectively. Vector instantaneous 
angular speed w in (2) is not constant when an imbalance occurs but contains double-grid frequency oscillations. 
Similarly, vector length |x | in (1) contains double-grid frequency oscillations. Thus, the ab to dq transformation angle 
q (2) is changed to qs according to constant angular speed ws (5) of the reference frame synchronized with a positive 
sequence vector. This is to obtain synchronous operation with a dominating positive sequence component, and the 
new angle is usually obtained from the phase-locked loop PLL structures or other synchronization methods.
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The transformation of asymmetrical ab components to the frame rotating synchronously with a positive sequence 
vector component is represented by the following equation:
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The dq classic frame rotates synchronously with a positive sequence vector component, whereas the vector contains 
both positive and negative sequences. Thus, xd and xq components of the vector contain constant components and 
double-grid frequency oscillatory terms. Transformation (6) provides the following form of vector components:
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Transformation angle qs changes in time according to (5), and when |xa | and |xb | differ, θ θ θ π− = ≠β α βα / 2  or both, 
negative-sequence component occurs, and xd or xq component contains oscillatory terms with double-grid frequency.

Let us introduce a new transformation from the natural ab frame to the new a′b′ stationary frame, in which 
additional angles θ′α  and θ′β  are taken into consideration as phase shifts of non-Cartesian coordinates frame a′b′ 
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axes (both in relation to the a axis of the natural ab frame). A corresponding vector diagram with both natural ab  
and new non-Cartesian a′b′ frames is shown in Fig. 1.

Derivation of ab to a′b′ transformation is as follows:
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Using the law of sines, we get
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Thus,
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The transformation from ab to a′b′  takes the following form:
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Let us take into account that the new axis a′ has the position of the positive sequence vector xp, for which the xa 
component of vector x has the maximum value xmaxα  (equal to its amplitude |xa |). Analogously, the b′ axis has the 
position of a positive sequence vector xp, in which the xb component has the maximum value =β βx xmax .

Fig. 2 presents the vector diagram of instantaneous cases, when the x vector lies in the positions giving maximum 
xa and xb components in the classic ab frame. In a new α β′ ′  frame, when the sinusoidal signal x′α  reaches the 
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maximum or minimum value, x′β  reaches zero. Thus, the x′α  and x′β signals are shifted by / 2π , but they may  
have different amplitudes depending on the type of imbalance. Let us assign the θ′α  and θ′β  angles and prove 
that the selected angles of new axes make the vector x projection to the a axis become correlated with vector x 
projection to the new α′  axis, and vector x projection to the b axis become correlated with vector x projection to the 
new b′ axis. The correlation is that when the xp position overlaps with the a axis, the x′α  has the maximum value, 
and when the xp vector overlaps with the θ′α  position, the x vector projection to the a axis (xa component) has the 
maximum value (Fig. 2a). Analogously, when the xp position overlaps with the b axis, the x′β  has the maximum 
value, and when the xp vector overlaps with the θ′β  position, the x vector projection to the b axis ( xβ  component) 
has the maximum value (Fig. 2b).

When the positive sequence vector xp lies along the a axis, the position of vector x can be described by the 
following equation:
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α

x
α’

elliptic 
hodograph

xp

θα’
dn1

jqn1

2ωsxpβ

xα
max

θn

xnβ

2θαxnα

xn

θn

positive 
sequence
hodograph

xn

a) β β’

xn xn

x
xβ

max

xnβ

xpα

dn2

jqn2

π−2θβ’

θn

θn
xnα

2ωs

π/2−θβ’elliptic 
hodograph

positive 
sequence
hodograph

b)

Fig. 2. Diagram presenting relations between vector projections when a′b′ axes are adjusted to three-phase signal imbalance, a) vector projections 
to the a and a′ axes, b) vector projections to the b and b′ axes.

51



New transformation for grid converter control

The xa component can be described as follows:
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We can write that
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It corresponds to (13) for θ θ= ′αs .
For θ′β  angle, a similar derivation can be made:

	
π θ

π θ

π θ

θ

θ

θ

θ

( )
( )

( )
( )

− ′






=
− ′







− ′






=
′

′
=

−

′

′β

β

β

β

β

β

β
tg

sin

cos

cos

sin

x sin

x x cos

x

x2
2

2

n n

p n n

	 (18)

	 θ θ θ( ) ( )= + −βx x sin x sinp s n n s 	 (19)

	
θ

= =β β
βx x if

dx

d
 0max

s
	 (20)

	
θ

θ θ θ θ θ θ( )( ) ( ) ( ) ( )+ − = − − =
d
d

x sin x sin x cos x cos 0
s

p s n n s p s n n s 	 (21)

from which the following equation can be derived:
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It corresponds to (18) for θ θ= ′βs .
Noting this, it must be proved additionally that the θ′α  position of the vector x provides the maximum value of 

the x′α  projected component and the θ′β  position of the vector x provides the maximum value of the x′β  projected 
component. Inserting (14) and (19) into (11), we can describe vector components in a new α β′ ′  frame as given in 
the following equation:
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Noting that
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we obtain (25ab)
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Taking into account (13) and (18), after derivation of (25a) and (25b), respectively, it can be written that
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Finally, it can be concluded that
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which according to Fig. 2 means that the ′αx  projection of the x vector component has the maximum value when 
the synchronous angle qs is zero (positive sequence vector xp overlaps with the a axis of the natural ab frame) and 
the ′βx  projection of the x vector component has the maximum value when the synchronous angle qs equals p / 2 
(positive sequence vector xp overlaps with the b axis of the natural ab frame).

The amplitudes of ′αx  and ′βx  components, respectively, are equal to
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	 (28a)

	 θ θ θ( ) ( )( ) ( ) ( )′ = − + = + −βx x x cos x sin x x x x cos2p n n n n p n p n n

2 2 2 2
	 (28b)

Simultaneously, taking into account (13), (18) and (28ab), the amplitudes of xa and xb components are equal to 
the amplitudes of ′αx  and ′βx , respectively:
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The proposed transformation (12) with axes angles θ ′α  and θ ′β  selected according to (13) and (18) creates the time 
domain components ′αx  and ′βx  shifted by p / 2, which may have different amplitudes. Therefore, further Park’s 
transformation of these signals produces still oscillating components ′x  d and ′x  q in a rotating frame. To obtain non-
oscillating components, the adequate scaling factors Ma, Mb for a′ and b′ axes are introduced. New components ′αx  
and ′βx  have the same amplitudes. Finally, a new transformation (12) with unequal scales of the new frame axes 
takes the following form:
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whereas scaling factors are described by the following equation:
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and x| |base  can be selected in different manners. One of the ways is to keep amplitudes ′αx| |  and ′βx| |  equal to 
the higher of α βx x| |,| | :
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	 { }= α βx max x x| | | |,| |base 	 (32)

Another way is to keep the length of the x′ vector in the new a′b′ frame equal to the maximum length of vector x, 
represented in the natural ab frame. Then

	 = = +x x x x
base

max
p n 	 (33)

The next case for the scaling factor is to obtain new ′xd  and ′xq  equal to the average values of xd and xq, respectively. 
Then

	 =x x
base p 	 (34)

However, |x|base selected in these ways (32)–(34) seems to be useless for the current control system. Using the 
following equation seems to be the most interesting, because using this factor, we can assign the maximum 
amplitudes of unbalanced current vector components in a new frame, not to exceed the assumed maximum current 
in any phase:

	 { }= =x max x x x x, ,
base a b c abc

max
	 (35)

To bring the x′ vector to the frame rotating synchronously with a positive sequence vector, the Park’s rotation 
transformation is used. Both transformations result in the following equation.
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3. Assignment of Transformation Parameters
In order to apply the proposed transformation, the amplitudes and phase angles of ab vector components are 
needed. The SOGI structure (Patiño et al., 2015) presented in Fig. 3 for the xa component of the vector x is used 
to find direct αx

d  and quadrature fundamental frequency αx
q  signals. The same is used for the xb component of 

the vector.
As a result, four signals are obtained: α α β βx x x x, ,  andd q d q. Using these signals, ab components of the positive 

sequence vector xpa and xpb can also be estimated. Calculation of all required amplitudes of vector components 
is shown in Fig. 4, whereas all trigonometric functions needed for the new transformation are described by the 
following equations:

 

∫K xα
d

∫ωs

xα

xα
q

ωs

Fig. 3. SOGI structure applied for assignment of xa direct and quadrature components.
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Using trigonometric functions (37a–e), a modified transformation can be created, with which vector x containing 
positive and negative sequence is represented by a′b′ components synchronized with positive-sequence ab 
components.

Amplitudes of |xa|,|xb| and |xc| phase signals needed for scaling factor x| |base  (35) can be assigned using inverse 

Clarke’s transformation for each direct and quadrature phase signal x x x, ,a
d

b
d

c
d  and x x x, ,a

q
b
q

c
q , respectively:
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SOGI

SOGI
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q

xβ
d

((xα
d)2+(xα

q)2 )0.5 xα|

xβ|
((xβ

d)2+(xβ
q)2 )0.5

xpα

xpβ

xp|

|

|

|
(xpα

2+xpβ
2)0.5

0.5

0.5

Fig. 4. Scheme presenting the method of determination of direct and quadrature signals of ab vector components, as well as amplitudes of ab  
components, and positive- and negative-sequence vectors.
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4. Simulation Results of Non-Cartesian Frame Transformation Implementation
Simulation results of direct and quadrature components’ calculation of ab signals, positive- and negative sequence 
components in the ab frame, as well as direct and quadrature components of phase signals are shown in Fig. 5. 
This is a confirmation of the method from Fig. 4 and equations (38)–(40). Results of the vector transformation in 
which the x′ vector length equals the maximum amplitude of phase signals from Fig. 6a are shown in Fig. 6b. Fig. 6c 
presents vector components in dq and d′q′ frames. In a d′q′ frame, the vector components are constant.

Fig. 5. Simulation results of a) unbalanced phase signals xa, xb, xc, b) direct and quadrature components α α β βx x x x, , ,d q d q  of ab signals, c) positive- and 

negative-sequence components xpa, xpb, xna, xnb in the ab frame and d) direct and quadrature phase signals x x x x x x, , , , ,a
d

a
q

b
d

b
q

c
d

c
q.
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Simulation results have been obtained with the following data: = =x x| | 100,  | | 50p n , initial angle of phase a 
of positive sequence vector p / 2 and initial angle of phase a of negative sequence vector p / 4. Sine and cosine 
functions of synchronous angle qs are calculated using (41ab). Simulation results of the combined transformation 
from ab to a′b′ and next to d′q′ frame with consideration of 10% of fifth harmonic in the phase signals are shown in 
Fig. 7. It can be seen that new ′xd  and ′xq  components are constant, due to the harmonic filtration by SOGI filters 
used for determination of ab signals.

Fig. 6. Simulation results of a) unbalanced phase signals xa, xb, xc, b) positive sequence xpa, xpb, a′b′ frame components ′ ′α βx x,  and determined 
amplitudes of phase signals |xa|,|xb|,|xc| and c) classic dq and new d′q′ frames components ′ ′x x x x, , ,d q d q  when xbase is selected according to (35).

Fig. 7. Simulation results of a) unbalanced phase signals xa, xb, xc, b) a′b′ frame components ′ ′α βx x,  and c) d′q′ frame components ′ ′x x,d q  when the 
phase signals are distorted by 10% of fifth harmonic.

58



Iwański et al.

	 θ( ) = βsin
x

x
s

p

p

	 (41a)

	 θ( ) = αcos
x

x
s

p

p

	 (41b)

5. Inverse Transformation
Let us write transformation (30) in the following form:

	 kx′ = Tx	 (42)

where θ= ′βαk sin( )  and T is a transformation matrix.
Wishing to find xi, when x′ is known, we can write the following equation:

	 = ′−x k xTi 1 	 (43)

where xi is the vector obtained by inverse transformation from non-Cartesian frame a′b′ to the natural ab frame, and
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where C is a matrix of complements and CT is transposed C.
From (43)–(46), an inverse transformation from a′b′ to ab can be derived as follows:
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The final form of the inverse transformation from non-Cartesian a′b′ to the natural ab frame is
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Transformation of the x′ vector represented in the d′q′ frame to the natural ab frame needs two steps – the inverse 
Park’s transformation from the d′q′ frame to non-Cartesian a′b′ and next from non-Cartesian a′b′ to the natural ab, 
which together yield the following equation:
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The results of inverse d′q′ to ab transformation are shown in Fig. 8. It can be seen that αx
i  and βx

i  components, 
obtained as products of the inverse transformation, are almost equal to the original signals xa and xb,  
respectively. One sample delay, which is normal in digital signal processing, is caused by sampling frequency 
equal to 10 kHz.

6. Conclusion
The paper presents a theoretical analysis of a new transformation of unbalanced three-phase signals to the 
non-Cartesian frame in which the new axes positions are matched to imbalance of three-phase signals. As a 
consequence, the obtained signals in a new a′b′ frame are shifted by p / 2. The effect of adequate scaling factors 
is that the sinusoidal components have the same amplitudes; therefore, in a new frame, the vector is seen as 
balanced. A further transformation to the d′q′ frame creates constant vector components. The proposed combined 
transformations from ab to a′b′ and next from a′b′ to the d′q′ frame can be useful in modification of voltage-oriented 
vector control for power converters operating with unbalanced power grid. Using the proposed transformations, the 
control variables can be represented by constant components, which makes it possible to eliminate oscillatory terms. 
Finding the transformation parameters based on Fig. 4 and (37), (40) and (41) is relatively simple for application in 
typical digital signal processing platforms used in industries.

Fig. 8. Results of the inverse transformation from d′q′ to ab frame.
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